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The nineteen-vertex model

® Every edge is either oriented
or unoriented.

® At every vertex the number
of outgoing arrows equals the
number of ingoing arrows.
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The nineteen-vertex model

® Every edge is either oriented
or unoriented.

® At every vertex the number
of outgoing arrows equals the
number of ingoing arrows.

\_

|9 admissible configurations around a vertex

++ ....... 1 .............. 1 ....... ++ ++ ........ .......
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The nineteen-vertex model

® Every edge is either oriented
or unoriented.

® At every vertex the number
of outgoing arrows equals the

number of ingoing arrows.
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|9 admissible configurations around a vertex with statistical weights
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The nineteen-vertex model

4 N
® Every edge is either oriented
or unoriented.

® At every vertex the number
of outgoing arrows equals the

number of ingoing arrows.
\ y,

|9 admissible configurations around a vertex with statistical weights

T T C = S S S B |
e e I e e e

+ 4_1_» ¢ = [q~1w][w] *1 ....... ++ .............. L ....... L 2 = [?][q] W] = w— w1

Weights solve the Yang-Baxter equation (Zamolodchikov & Fateev '81).
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The transfer matrix

e )
® Fix configurations below and

above given line, sum

_ state of last horizontal edge. )

- ......... .......... .......... .......... .......... .......... >-. we|ghts Of a” compatible

o« e , ......... .‘ .......... .......... .......... , ......... , VerteX Conﬁgurations_

5 . o o i

1 N N N O 3 ® Allow for a defect/twist measuring
1 2 3
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The transfer matrix

4 )
Vo * Fix configurations below and
A above given line, sum
e weights of all compatible
. .......... .......... VerteX Conﬁgurations_
D O O W 1
1 TR0 SR SO S T 3 ® Allow for a defect/twist measuring
1 2 3 | state of last horizontal edge.
o o o'y
T{a’},{a}(W) = Z ‘ ‘ - O .
o ML | k2 | pe e e
=1.0.} a1 Q) oN

Matrix elements of an operator T(w) on the space V®N V = span{e;, e, €| }
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The transfer matrix

e )
® Fix configurations below and

above given line, sum
weights of all compatible
vertex configurations.
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The transfer matrix

e N
® Fix configurations below and

above given line, sum
weights of all compatible
vertex configurations.

® Allow for a defect/twist measuring
N\ State of last horizontal edge. )

Matrix elements of an operator T(w) on the space V®N V = span{e;, e, €| }

4 N
Commuting transfer matrices [T (w), T(w')] =0
because of (/) YBE and (2) choice of boundary conditions
: ~1 : 1
Dlz.lgonal Q, ( ; ) Nc?n-dlagonal a0 —_ ( | )
twist 1 twist 1
. Y
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Spin-1 XXZ chain
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Spin-1 XXZ chain

T(w) = const. x S (1 +(w—1) (%H - /\/) + )

|. Shift operator: twist + cyclic shift

[ SM® - Q1@ W) =QuyOvi® - ® vy_1
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Spin-1 XXZ chain
T(w) = const. ><5(1+(W_1) (iH /\/) L )

[4°]
|. Shift operator: twist + cyclic shift

[ SR Q1 QW) =Quy Qv ® -+ ® Vy_1

2. Spin-chain Hamiltonian: spin-1 XXZ (zamolodchikov & Fateev '81)

- N 3
b b
H="> (S: Ja(s7s7, 1 + 2(53) ) — Z Aabsisi’si 1S +1>
J:]_ a=1 ab 1
1
h=h=1 k= §(q2 +q7%), Apn=1As=Ax=q+q ' —1, A= Ja.
® Spin-| representation of s1(2) : s?,a=1,23
® Boundary conditions : Shy1 = $215782) :
\_
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Spin-1 XXZ chain

T(W):const.x5(1—|—(w—1)<[5_2]/-/ /\/)_|_ )

|. Shift operator: twist + cyclic shift

[ SR Q1 QW) =Quy Qv ® -+ ® Vy_1 J

2. Spin-chain Hamiltonian: spin-1 XXZ (zamolodchikov & Fateev '81)

4 N 3 )
H = S: (S: Ja(s7siyq + 2(53) ) — Z A bsasb 2 b+1>
j=1 \a=1 a,b=1
h=h=1 k= %(q2 +q7°), An=1A3=An=qg+q ' -1 Asun=J.
® Spin-| representation of s1(2) : s?,a=1,23
® Boundary conditions : Shy1 = $215782) :
\_ J
[ Dynamical supersymmetry )
N, Q] =29
H={0Q,9"}=992"+9'Q, 9*°=(Q7)?*=0 [H Q] =[H.Q]=0
N\ J
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Supercharge
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Supercharge

-
N
| N - Sq;S'=gq;41, j=0,..,N—-1
O = N—HZ(_l)Jqf {Sq.l - qQj+1,  J
j=0 qn = qo
\

- j=1j jHLj+2 -

Local splitting operation ¢q:V — V ®V ‘ ‘ ‘ V///

\

( )
92 =0 on subspaces of V®" where shift operator acts like S = (—1)"*!

A

(1®1—-1® q)qg = boundary terms

N—1
Hamiltonian H = {Q, QT} = Z f)j,j+1 + 6N,1
j=1

U -N-XCH0F0)
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Ground state

g+ g ) (eo®e —e ®e)
er ¥We —e K eér
g+ g (e ®e —e @ ey)

e
o
I

In the present case < qep

,
<

o
I

Christian Hagendorf Cardiff 2013



Ground state

g+g ) (e®e —e ® e)
er ¥We —e K eér
Ha+g (e ®ea—e®e)

e
o
I

In the present case < qep

€t

r

For the twists {21 the FZ-Hamiltonian has an exact zero-energy ground state
H® = 0 for every N in the subspaces where S = (—1)""! at any value of
the anisotropy parameter q.

Supersymmetry singlet: NP=0 NG=0>de V.

~
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Ground state
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Diagonal twist and weighted enumeration of ASMs

Exact determination of eigenvector for small N:

Christian Hagendorf Cardiff 2013



Diagonal twist and weighted enumeration of ASMs

Exact determination of eigenvector for small N:
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@[> = An (t = (g +q 7))
with the generating function

An(t) = Z tk k : number of minus
N x N ASMs signs in given ASM
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Case of 3 x 3 alternating sign matrices

) As(t) =6+t
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Diagonal twist and weighted enumeration of ASMs

Exact determination of eigenvector for small N:

4 )
@[> = An (t = (g +q 7))
with the generating function

An(t) = Z tk k : number of minus
N x N ASMs signs in given ASM

- J

Case of 3 x 3 alternating sign matrices

) As(t) =6+t

Exact formula for Ap(t) at any N known.
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Non-diagonal twist: another symmetry class
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Non-diagonal twist: another symmetry class

Exact determination of eigenvector for small N:
4 p

ol =20 = (g )

with the generating function

AT (1) = > oot k: half the number of

2N x2N HTASMs minus signs in given HTASM
- J

HTASM = Half-Turn symmetric /
Alternating Sign Matrix

OO OO == O
O OO OO
O OO KM E=
R R k) O OO
OO OO +—=O
O OO OO

\

For N=3: AN (t) = (6 + t)(8 + 10t + 2t?)
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Non-diagonal twist: another symmetry class

Exact determination of eigenvector for small N:
4 p
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with the generating function
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Introducing inhomogeneities
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Introducing inhomogeneities

p
ZM ® Weight of a vertex at a site

o aeuas ......... .(i’j) ................ PY Inhomogen oG

matrix
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Introducing inhomogeneities

- N
SO T N S S 1 ® Weight of a vertex at a site
_____ 10 NE T N Seppramels @i i Lol
AN zi/ w;
......................................................................... o Inhomogeneous transfer
Z9 i matrix
Z1 R e e e e T(W) _ T(W|W1, e WN)
Wy Wo W3 Wy \_ J

® Supersymmetry disappears (broken translation invariance).
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Introducing inhomogeneities

p

SOV V0 T W W 0 B 1 ® Weight of a vertex at a site
_____ ST T ) depends on the ratio

AN zi/ w;

......................................................................... e Inhomogeneous transfer

Z9 i matrix

Z1 - TR e S e o o T(W) — T(W|W1, o WN)
Wi Wo Ws . . W .

® Supersymmetry disappears (broken translation invariance).
® The transfer matrix appears to have still a remarkable eigenvector.
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Introducing inhomogeneities

- )
SOV V0 T W W 0 B 1 ® Weight of a vertex at a site
_____ ST T ) depends on the ratio
AN zi/ wj
......................................................................... ® Inhomogeneous transfer
Z9 i matrix
Z1 - .......... .......... .......... ......... T(W) — T(W|W1, o WN)
Wy Wo W3 Wy \_ J

® Supersymmetry disappears (broken translation invariance).
® The transfer matrix appears to have still a remarkable eigenvector.

4 a
Conjecture |: For the twists {24 the inhomogeneous transfer matrix for N
sites and any g has the simple eigenvalue

_ N [a'w| [@’w
p= eIt 5] 2
\ J
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Introducing inhomogeneities

p
ZN .......... .......... .......... .......... .......... 2. o Weight of a vertex at a site
..... 1 T S O T T 03 depends on the ratio
. : ; ; ; ; ; Z,'/Vl/j
® |nhomogeneous transfer
matrix

T(w)=T(w|lwy, ..., wy)

.........................................................................

w1 Wo W3 wn \_

J

® Supersymmetry disappears (broken translation invariance).
® The transfer matrix appears to have still a remarkable eigenvector.

Conjecture |: For the twists {24 the inhomogeneous transfer matrix for N
sites and any g has the simple eigenvalue

N _1VVJ' 2VVJ'
A= 5[5
Conjecture 2: In minimal polynomial normalisation the corresponding
eigenvector is a homogeneous polynomial of degree dy = N(N — 1)

Sd(Awy, ..., Awy) = AND(wy, ..., wy)

\_
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Quadratic sum rule for the diagonal twist

4 a
For the diagonal twist we have the quadratic sum rule
—1 —1 K :
Zd)a(wl e Wy )@ (W, o, W) = Zy (W, e, Wiy W, L W)

N - J
With the partition function of the 6-vertex model on an N x N square with
domain-wall boundary conditions
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Quadratic sum rule for the diagonal twist

With the partition function of the 6-vertex model on an N x N square with
domain-wall boundary conditions

N i .
B T T T .
S T - .
FYARNIRE 0 A W O s O
Wo o
w ﬁ% ________ + ________ + ________ + ________ e
Z1 22 Z3 ZN
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Quadratic sum rule for the diagonal twist

4 A
For the diagonal twist we have the quadratic sum rule
Z Cba(wl_l, ., W,\_Il)d)a(wl, W) = Z,I\/K(Wl, e W W, . W)

N\ - J
With the partition function of the 6-vertex model on an N x N square with
domain-wall boundary conditions

4 p
wy ot tb
BERR IR . + -{* ) = |[ar)
A B S R
W + __________ __________ ___________________ .
w1 j+ ........ + ........ + ........ + ........ + ....... +_<; ' I C(W) _ [q2]
Z1 22 Z3 s ZN \_ )
4 ¥ A
[T—1 a(zi/w))b(zi/w)) ( ¢(zi/w;) )
ZlK 1 _ J d J
v D =, etz gl ™ 1 e/ w)e( /)
X J
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Conjecture for the spin-reversal twist
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Conjecture for the spin-reversal twist

p
For the spin-reversal twist the we have the quadratic sum rule
Zat(wy, ..., wy; w, ... wy)
—1 —1 N 1, ! N 1, N
Z(Da(Wl e Wy )Pa(w, W) = — :
- Zyt(wa, ..., wy; w, ..o wyy)
\

Partition function of the six-vertex model with half-turn boundary conditions

21

ZN

ZN

Z]

)

Y Y Y Y Y Y Y Y

Wn

s

Partition function ratio (Kuperberg)

ZT ({2} Aw}) _ Il o(zi/w)b(zi/w)

Zv (b Awd)  TIalzi/z)wi/w) =N

1 1
MAT = +
! a(zi/w;)  b(zi/w;)

Christian Hagendorf
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® Ground states and weighted enumeration of alternating sign
matrices.

® Inhomogeneous models:

| 9-vertex model 6-vertex model
with twists with DWBC
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Conclusion

® Dynamical supersymmetry in |9-vertex model (with twists).

® Ground states and weighted enumeration of alternating sign

matrices.

® Inhomogeneous models:

| 9-vertex model

with twists

® Elliptic extension: 41-vertex model

6-vertex model
with DWBC
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